This paper is concerned with the quantum properties of the binomial model (or, the CRR-model). We show that the single-step binomial model is incomplete in the quantum setting. All risk-neutral states of the single-step binomial model in the quantum setting are characterized. Moreover, it is shown that all single-step models are incomplete in the quantum setting. Therefore, incompleteness is basic in 'quantum finance'.
where the interest rate r is a constant (r > −1) and the rate A is an observable with the spectral resolution A = 
Then, it is easy to check that for a state σ, <S 1 > σ =S 0 if and only if
Therefore, a state σ = n j=1 p j |u j >< u j | is a risk-neutral state forS if and only if < A > σ = r and p j > 0 for all j = 1, ..., n.
Let H = C 2 with its canonical basis |0 >=
observables has the basis
where σ j , j = 1, 2, 3, are the well-known Pauli spin matrices. Let A be an observable with spectral resolution A = a|0 >< 0| + b|1 >< 1| such that −1 < a < r < b. When
this simple (B, S)-market is the single-step binomial model (or, the single-step CRRmodel, after Cox, Ross and Rubinstein [1] ). In this case,S is complete and its unique risk-neutral state is
(See [2] for details on the classical binomial model.)
In the sequel, we discuss the quantum properties of the single-step CRR-model. Let
by using (1) one concludes that
By the assumption that 0 < p 1 < 1 and by considering separately the cases |α 1 | < |β 1 |, |α 1 | > |β 1 | or |α 1 | = |β 1 | one easily concludes that σ is a risk-neutral state ofS if and only if
or
In the cases (3) and (4),
and in the case (5),
Thus, although the single-step CRR model is complete in the classical setting, it is incomplete in the quantum setting. This is a surprising result since the single-step CRR model is, in some sense, the most fundamental model in finance theory. From this we may conclude that 'quantum finance' is of special significance in finance theory.
Note that for any risk-neutral state σ of the single-step CRR model, it follows from (5) and (6) that
for all α, β ∈ C. Therefore, all risk-neutral states for the single-step CRR model cannot be distinguished in the classical setting. This explains why the classical single-step CRR model is complete.
In the above we find that the single-step binomial model is incomplete in the quantum setting. In fact, we have For any (A 0 , A 1 )-adapted quantum financial market S = (S 0 , S 1 ) with S 0 , S 1 ∈ O(C 2 ), it must be incomplete in the quantum setting {A 0 , A 1 } with A 0 = CI,
The proof is as follows: Since S 1 ∈ O(C 2 ), by the spectral decomposition theorem [3] there exist at most two projections E 1 , E 2 such that
for some a, b ∈ R. Since A 0 = CI, one concludes that {α + H • S : α ∈ R, H ∈ H} = {α + β(aE 1 + bE 2 ) : α, β ∈ R} is at most real two dimensional, where H denotes the set of quantum trading strategies for S [4]. However, O(C 2 ) is four dimensional and has the basis {σ 0 , σ 1 , σ 2 , σ 3 }. Thus at least one of the Pauli spin matrices σ 1 , σ 2 , σ 3 cannot be replicable in S. Therefore, S = (S 0 , S 1 ) is incomplete.
